We analytically and numerically investigate the long-term, i.e. averaged over one full revolution, orbital effects of the non-isotropic percent mass lossṁ/m experienced by several transiting hot Jupiters whose atmospheres are hit by severe radiations flows coming from their close parent stars. The semi-major axis a, the argument of pericenter ω and the mean anomaly M experience net variations, while the eccentricity e, the inclination I and the longitude of the ascending node Ω remain unchanged , on average. In particular, a increases independently of e and of the speed V esc of the ejected mass. By assuming |ṁ| 10 17 kg yr −1 , corresponding to |ṁ/m| 10 −10 yr −1 for a Jupiter-like planet, it turns outȧ ∼ 2.5 m yr −1 for orbits with a = 0.05 au. Such an effect may play a role in the dynamical history of the hot Jupiters, especially in connection with the still unresolved issue of the arrest of the planetary inward migrations after a distance a 0.01 au is reached. The retrograde pericenter variation depends, instead, on e and V esc . It may, in principle, act as a source of systematic uncertainty in some proposed measurements of the general relativistic pericenter precession; however, it turns out to be smaller than it by several orders of magnitude.
Introduction
As shown first by 2 Meščerskii (1897), the equation of motion for a body acquiring or ejecting mass due to interactions with its environment is
with respect to some inertial frame K. In it,ṁ . = dm/dt, F is the sum of all the external forces, and u .
is the velocity of the escaping mass with respect to the barycenter of the body: v is the velocity of 4 the center of mass of the body with respect to K, while 5 v esc is the velocity of the escaping particle with respect to K. If the mass loss is isotropic with respect to the body's barycenter, then the total contribution 6 (ṁ/m) u vanishes. Notice that eq.
(1) fulfils the Galilean invariance under a transformation v → v ′ = v − V to another inertial frame K ′ moving with constant velocity V with respect to K.
An interesting, real physical scenario in which eq. (1) is applicable is represented by those transiting exoplanets whose atmospheres are escaping 7 because of the severe levels of energetic radiations, coming from their very close parent stars, hitting them (Ehrenreich and Désert, 2011) . For those few transiting planets which are observed in the ultraviolet it is possible to gain information about the size and mass-loss rate of their evaporating upper atmospheres. It turns out that typical values of the evaporation rate for HD 209458b (Charbonneau et al., 2000; Henry et al., 2000) , unofficially named "Osiris", HD 189733b (Bouchy et al., 2005) , and WASP-12b (Hebb et al., 2009) are in the range (Ehrenreich et al., 2008; Fossati et al., 2010; Linsky et al., 2010;  2 See also Sommerfeld (1952) , Razbitnaya (1985) , Hadjidemetriou (1963) and the review by Hadjidemetriou (1967) . 3 It is just the case to remind that an erroneous form of eq. (1), in which −v appears instead of u, was not rarely used in literature. See, e.g., Plastino and Muzzio (1992) for a discussion of such a topic. Suffice it to say that it would be non-invariant under Galilean transformations. 4 More precisely, it is the velocity of that point of the body which, at each moment, coincides with the body's center of mass. It does not include the geometric shift of the center of mass caused by the mass loss. 5 To avoid confusions, it may be useful to remark that in literature v esc is sometimes denoted by u, while no specific notations are used for the relative velocity in eq. (2). Cfr., e.g., Razbitnaya (1985) . 6 Strictly speaking, it is to be intended as ( iṁ i u i )/m, where the label i refers to the ith point of the surface from which mass is escaping. 7 See http://www.spacetelescope.org/news/heic0403/ on the WEB.
Lecavelier Des Etangs et al., 2010; Vidal-Madjar et al., 2003 , 2004 , 2008 |ṁ| ∼ 3 × 10 14 − 10 15 kg yr −1 = 10 10 − 10 11 g s −1 ;
however, Ehrenreich and Désert (2011) estimate the mass-loss rates of all detected transiting planets finding an upper bound as large as |ṁ| 3 × 10 17 kg yr −1 = 10 13 g s −1 .
Several, still unresolved issues are connected with giant exoplanets like the aforementioned ones. Indeed, they all orbit at less than 0.1 au from their parent stars: thus, they certainly could not have formed there, so that an inward migration from more distant locations should have occurred (Lin et al., 1996; Lubow and Ida, 2010) . Why did such hot Jupiters stop migrating at such distances? What was the fate of those gaseous giants that migrated further in, if any? Is the evaporation responsible of the apparent lacking of exoplanets closer than 0.01 au to their host stars?
Studying the orbital consequences of eq.
(1) may help to shed some light on such important open problems. In Section 2 we work out, both analytically and numerically, the long-term variations of all the standard six Keplerian orbital elements induced by eq. (1). Then, we apply the results obtained to some specific exoplanetary scenarios. Section 3 summarizes our findings.
Orbital effects
In the case of an evaporating transiting exoplanet orbiting a close Sun-like star, F is the usual Newtonian gravitational monopole. Let us write down eq.
(1) for both the planet p, with mass m, and its hosting star s, with mass M, with respect to some inertial frame K (Razbitnaya, 1985) :
where
and r . = |r p − r s | .
In eq. (5) we took into account the possibility that also the star experiences a mass loss due to internal physical processes. In the case of the Sun, it is estimated to be of the order of (Schröder and Smith, 2008 )
about 80% of such a mass-loss is due to the core nuclear burning, while the remaining 20% is due to average solar wind. In any case, it can be considered isotropic, so that it is (Ṁ /M)u s = 0. Actually, most of the existing literature (see, e.g., Gylden (1884); Strömgren (1903); Jeans (1924) ; Armellini (1935) ; Vescan (1937 Vescan ( , 1939 Jeans (1961); Hadjidemetriou (1963); Omarov (1964); Hadjidemetriou (1966) ; Kevorkian and Cole (1966) ; Kholshevnikov and Fracassini (1968) ; Verhulst and Eckhaus (1970) ; Kuryshev and Perov (1981) ; Deprit (1983); Polyakhova (1989) ; Prieto and Docobo (1997a,b) ; Li et al. (2003) ; Li (2008 Li ( , 2009 Rahoma et al. (2009); Iorio (2010a) ) is devoted on treating the motion in a two-body system with various kinds of time-dependent isotropic mass loss affecting the Newtonian monopole itself; for a recent treatment of such a topic with the same method of the present paper and a discussion of some of the approaches present in literature, see Iorio (2010a) . Concerning the evaporating planet, let us assume for it a constant percent decrementṁ/m of its mass; it is especially true over timescales of the order of one orbital period P b , if the orbit is assumed almost circular 
Moreover, its mass decrement is clearly non-isotropic with respect to its center of mass, so that (ṁ/m)u p does not vanish. As a result, from eq. (5) and eq. (6) it can be obtained the equation for the relative planet-star motion
where we defined
Moreover, u p can be conveniently expressed as the difference between the escape velocity V esc with respect to the star and the velocity v of the planet 8 It should be not the case (Iro and Deming, 2010; Ehrenreich and Désert, 2011) for, e.g., HD 80606b (Naef et al., 2001 ) whose orbit has an eccentricity as large as e = 0.93. Recall that it is a numerical parameter determining the shape of the Keplerian ellipse: 0 ≤ e < 1, with e = 0 corresponding to a circle. 9 Cfr. with the classification in Table I of Razbitnaya (1985) : eq. (10) with respect to the star. Clearly, V esc is radially directed from the parent star to the planet, i.e. 
In order to evaluate the magnitude of u p , let us note that in most of the considered exoplanets the orbits are almost circular, so that it can be posed
by assuming that a Jupiter-sized planet is at a distance 11 a of the order of 0.05 au from its Sun-like parent star, it turns out
so that
Such figures imply that the mass-escaping term in eq. (10) can be considered as a small perturbation Aṁ with respect to the Newtonian monopole A N ; indeed, from eq. (9) and eq. (16) turns out
Thus, it can be treated with the standard perturbative techniques like, e.g., the Gauss equations for the variation of the osculating Keplerian orbital elements (Brouwer and Clemence, 1961) which are valid for any kind of disturbing acceleration A, irrespectively of its physical origin. See also Omarov (1962) for
10 Actually, such a figure comes from the escape speed from the planet q esc = 2Gm/R p : in order to have V esc one should also add the radial component of the planet's motion which, however, is negligible because of the assumed low eccentricity of its orbit (see below, eq. (20)). 11 Here a is the semi-major axis of the Keplerian ellipse: it defines its size. their use in the variable mass case. The Gauss equations are
In eq. (18) n . = µ/a 3 is the unperturbed Keplerian mean motion, e is the eccentricity, p . = a(1 − e 2 ) is the semi-latus rectum, I is 12 the inclination of the orbital plane to the reference {x, y} plane chosen, Ω is the longitude of the ascending node, ω is the argument of the pericenter, M is the mean anomaly 13 , f is the true anomaly, u . = ω + f is the argument of latitude, and A R , A T , A N are the radial, transverse and out-of-plane components of the disturbing acceleration A, respectively. To this aim, Aṁ can be written
where v R , v T are the 14 radial and transverse components of the planet's velocity evaluated onto the unperturbed Keplerian ellipse
12 The parameters I, Ω, ω defines the spatial orientation of the Keplerian ellipse, which, in the unperturbed case, changes neither its size nor its shape: they can be thought as the three Euler angles fixing the orientation of a rigid body in the inertial space. 13 It is connected with the time of pericenter passage t p through M . = n(t − t p ). 14 HereT denotes the unit vector along the transverse direction, i.e. orthogonal tô R.
In eq. (20), E is the eccentric anomaly 15 . From eq. (19) it is inferred that A N = 0, being A R and A T the only non-zero components of Aṁ; they are
The long-term effects of eq. (19) can be straightforwardly worked out after an integration of the right-hand-sides of the Gauss equations in eq. (18), evaluated onto the unperturbed Keplerian ellipse where µ is to be assumed as constant, over one orbital revolution by means of
we assumeṁ/m constant over one orbital period. If the mass variation occurred at fast rates with respect to the orbital frequency, it should explicitly be treated as a specific function of time in eq. (10) and eq. (19). They are
Notice that eq. (23) are mathematically exact in the sense that no simplifying assumptions concerning e were adopted in the calculation. On the other hand, from a physical point of view it is necessary to require moderate values for the eccentricity since, otherwise, it would not be possible to considerṁ/m 15 It can be regarded as a parametrization of the usual polar angle θ in the orbital plane.
constant over the integration performed over one full orbital revolution. It is worthwhile noticing that, even in the case of almost circular orbits, the long-term variations of eq. (23) can be considered as secular changes only over timescales in which it is possible to assumeṁ/m as constant; otherwise, slow time-dependent modulations, depending on the exact law of variation of m = m(t), occur. Here we just recall that the long-term variations caused by an isotropic mass loss of the parent star were worked out with the same approach in Iorio (2010a) : it turned out that all the osculating Keplerian orbital elements remain unchanged, apart from the osculating semi-major axis and eccentricity which undergo long-term variations
This outwardly counter-intuitive result, and the lack of actual contradiction with the occurring expansion 16 of the true orbit for a mass decrease, are fully discussed in Iorio (2010a) with abundance of explicative pictures. The expressions of eq. (24) were also used by Iorio (2010b) in the framework of dark matter studies in our solar system. In any case, we notice that, given the order of magnitude of isotropic mass losses in typical Sun-like main sequence stars (cfr. with eq. (8)), such effects are smaller than those investigated here by some orders of magnitude.
From eq. (23) it turns out that the semi-major axis a undergoes a temporal variation proportional toṁ/m; it is independent of the eccentricity and of V esc . The eccentricity is, instead, left unaffected. As expected, ifṁ < 0 the size of the orbit increases sinceȧ > 0.
We qualitatively checked our analytical results by numerically integrating the equations of motion of eq. (10), in cartesian coordinates, for a fictitious hot Jupiter experiencing a constant mass loss during its motion along a Sun-like parent star, and tracing the osculating Keplerian ellipses at two consecutive pericenter passages. The results are displayed in Figure 1 for an almost circular initial orbit, and in Figure 2 for a highly elliptical initial orbit; they have the unique purpose of effectively displaying the mathematical agreement with the analytical results, and the percent mass loss was purposely greatly exaggerated just to this aim. Given the merely illustrative purpose of the figures displayed here, just aimed to numerically confirm the qualitative features of the effects of eq. (23), longer time intervals for the numerical integrations are unnecessary. The increase of the semi-major axis and the constancy of the eccentricity of the osculating Keplerian ellipses are apparent. Analogous pictures for the isotropic mass loss case can be found in Iorio (2010a) . Also from a quantitative point of view the agreement with out analytical results is excellent. Indeed, in Figure 3 we depict the change of the semi-major axis over a Keplerian orbital period obtained from a numerical integration of the equations of motion of a fictitious hot Jupiter in cartesian coordinates with and without a constant mass-loss of 17ṁ /m = −0.00025 d −1 ; both the integrations use a 0 = 0.05 au and e 0 = 0.1. The overall shift is just equal to the one which can be inferred from eq. (23). of eq. (23) that the net change in a is, actually, independent of e. In Figure  5 we show that also the numerically integrated variation of the eccentricity does not exhibit any secular trend, in agreement with eq. (23). According to eq. (23), the pericenter and the mean anomaly experience secular precessions which depend on V esc and on e. Such a behavior is qualitatively confirmed by Figure 6 displaying the result of a numerical integration of a fictitious hot Jupiter obtained for suitably chosen values ofṁ/m, V esc , e 0 ; once again, it has just illustrative purposes.
Our result about the semi-major axis is, in principle, important since it yields a physical mechanism which counteracts the inward migration of the exoplanet after it reaches a distances small enough to trigger an effective mass depletion. The typical figures previously obtained yieldṡ
i.e. an orbit with a = 0.05 au increases its size by 2.5 m after each year if the planet following it loses mass at a percent rate of about |ṁ/m| ∼ 10 −10 yr −1 ; by postulating thatṁ/m remains almost constant over the aeons, we would have ∆a ∼ 1.1 × 10 10 m = 0.075 au (26) after a time span ∆t = 4.5 Gyr. Thus, the overall orbital evolution of close exoplanets may be affected by their mass depletion. Concerning the retrograde pericenter precession of eq. (23), it may, in principle, be viewed as a potential source of systematic bias in some proposed attempts to measure the general relativistic pericenter precession (Miralda-Escudé, 2002; Heyl and Gladman, 2007; Jordán and Bakos, 2008; Pál and Kocsis, 2008) ; anyway, it turns out to be smaller by several orders of magnitude than the relativistic one for the typical values of the relevant parameters adopted so far.
Summary and conclusions
We investigated the orbital consequences of a non-isotropic mass depletion affecting the evaporating atmosphere of a typical hot Jupiter in a close (a = 0.05 au) orbit along a Sun-like parent star.
Analytical perturbative calculation showed that the semi-major axis undergoes a long-term increment which is independent of both the escape velocity of the atmosphere and of the eccentricity of the orbit, which, instead, remains constant. Such results were confirmed, both qualitatively and quantitatively, by numerical integrations of the equations of motion in cartesian coordinates. By assuming |ṁ| 10 17 kg yr −1 , corresponding to |ṁ/m| 10 −10 yr −1 for a Jovian mass, it turns out that an increase of a few meters per year occurs for the semi-major axis. Such a mechanism may be important for the dynamical evolution of hot Jupiters, especially in connection with the issue of their inward migrations which should bring them close to their hosting stars from the supposedly remote regions of their formation. Indeed, it may explain, at least in principle, why such a phenomenon seems to cease after the planet reaches a distance of not less than 0.01 au. It is just the case to notice that such a behavior would be enhanced, in principle, by the isotropic mass variationṀ of the hosting star as well, although it may be some orders of magnitude smaller for typical Sun-like values ofṀ /M iso .
The pericenter of the orbit of the evaporating planet experiences a longterm retrograde precession which, however, is not a concern for some proposed detections of the general relativistic pericenter precession since it is several orders of magnitude smaller.
